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ABSTRACT 

 

One highly relevant challenge in flotation is the recovery of fine particles. Due to their low inertia, 

these particles are mostly pushed aside by rising bubbles. Consequently, they typically exhibit low 

probability for bubble-particle collision and thus, a poor recovery rate. In this work, the trajectories of 

fine particles in the vicinity of rising bubbles were investigated. The measurements considered a chain 

of millimetric bubbles in a rectangular container filled with deionized water.  The flow field near the 

bubbles was measured by tomographic particle image velocimetry (TPIV), employing fluorescent tracer 

particles of 33µm diameter. Subsequently, trajectories of larger particles and bubble-particle collision 

events are recorded with 4D particle tracking velocimetry using a high temporal and spatial resolution. 

The results reproduce the well-known collision of particles on the leading edge of a rising bubble. 

Additionally, collisions on the tailing edge were observed in cases with a low Stokes number. The TPIV 

results demonstrate, that the high turbulent kinetic energy in the bubble wake allows particles to divert 

from the fluid streamlines and collide with the tailing edge of the bubble. The tailing edge collision 

probability increases with the bubble Reynolds number and decreased particle inertia. Overall, the 

investigation shows that the collision of fine particles in the bubble wake should be considered for the 

development of further collision probability models. Furthermore, the importance of turbulence on the 

fine particle flotation was demonstrated.  

 

Keywords: 4D Particle tracking velocimetry (PTV), tomographic particle image velocimetry (TPIV), 

fine particle flotation, collision probability, bubble-particle interaction, wake induced collision 

 

1. Introduction 

The world’s economy requires increasing amounts of rare earth elements for high-technology 

applications like batteries, electronic devices or high strength permanent magnets. To that end, flotation  
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Fig.1: Experimental setup of the bubble column in the measurement setup for TPIV and 

4D PTV.  

 

processes have to be adapted to ores with smaller grain size and lower grade (Jordens et al., 2013). Until 

now, froth flotation is effective only for a narrow particle size range between 10 – 100 µm (Trahar and 

Warren, 1976; Tao, 2005). Finer particles are less likely to exhibit bubble-particle collisions and are 

mostly lost in the tailings (Trahar and Warren, 1976). Reasons for that are their small particle mass, 

leading to small inertia, their high specific surface energy and area. Therefore, the process of recovery 

of this type of particles has a low efficiency (Tao, 2005, Mankosa, et al. 2018; Hooshyar, et al. 2013; 

Trahar and Warren, 1976; Miettinen, et al. 2010).  

Schulze (1989) defined collision as “the approach of particles and bubbles to distances at which 

interparticulate interactions are operative”. Therefore, particles have to deviate from the fluid 

streamlines through external factors e.g. interception, inertial, gravitational and turbulent effects 

(Schulze, 1989). But in the case of fine particles, they tend to follow the fluid streamlines because of 

their low inertia resulting in a low collision probability. One approach to enhance the collision of fine 

particles and bubbles is increasing turbulence (Schubert, 1999). Hassanzadeh et al. (2018) reviewed the 

effects of the turbulent dissipation energy and the available analytical and numerical models on the 

bubble-particle encounter in a flotation cell. The turbulence in a cell is produced mainly by an impeller 

in a mechanical flotation or by a jet in pneumatic cells. Furthermore, the turbulent wake behind rising 

bubbles can promote collisions as observed by Sommer et al. (2018). But, this effect is usually neglected 

in analytical models (Schulze, 1989).  

Therefore, the goal of this study is to analyze the effect of the turbulent bubble wake on the bubble-

particle interaction and the collision probability for fine particles. The present study applies 4D particle 

tracking velocimetry (PTV) to analyze the bubble-particle interaction for a wide range of bubble and 

particle diameters. Firstly, the velocity field around the bubble was retrieved by tomographic particle 

image velocimetry (TPIV) to correlate the average velocity field and turbulent kinetic energy to the  
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Table 1 

Properties of the gas phase, the liquid phase and the solid phase of the three-phase flow in the bubble 

column. The density of the polystyrene particles was 1.02 g/l. The particle Reynolds number was 

0.0004 for 𝒅𝒑 = 𝟑𝟑µ𝒎  and 0.01 for 𝒅𝒑 = 𝟗𝟓µ𝒎. 

Needle 

configuration 

𝑑𝑖in µm 120 300 600 

Bubbles 𝑄 in l/min 6 15 25 

 𝑑𝑏in mm 1.3 ± 0.1 2.4 ± 0.2 3.2 ± 0.1 

 𝐸𝑜 0.2 0.8 1.4 

 𝑅𝑒𝑏 380 ± 50 810 ± 100 970 ± 300 

Solid phase 𝑆𝑡(𝑑𝑝 = 33µ𝑚) 0.05 ± 0.003 0.03 ± 0.002 0.02 ± 0.002 

 𝑆𝑡(𝑑𝑝 = 95µ𝑚) 0.4 ± 0.03 0.27 ± 0.02 0.18 ± 0.04 

 

collision mechanism. Secondly, the local collision probability was measured with 4D PTV. Collisions 

on the leading and the tailing edge of the bubble were observed, counted and analyzed. The 

corresponding fraction on the overall collision probability was measured for both types of collision. 

Finally, their importance regarding fine particle flotation and model development was discussed. 

 

2. Material and methods 

2.1. The bubble column 

The experimental setup was adapted from Sommer et al. (2018) and is shown in Fig. 1. The 

properties of the individual phases are summarized in Table 1. The cell (90 mm x 220 mm x 25 mm, 

width x height x depth) was filled with deionized water and seeded with monodispersed fluorescent 

polystyrene (PS) particles. Nearly monodisperse air bubbles were introduced by a single blunt needle 

(𝑑𝑖 = 120 µm; 300 µm; 600 µm). The air flow rate was controlled by a mass flow controller 

(FMA-1600, Omega). The needle orifice represented the origin of the coordinate system in the bubble 

column with 𝑦 pointing into the upward direction. The resulting bubbles and their shapes were 

characterized by the Eötvös number, 𝐸𝑜, and bubble Reynolds number, 𝑅𝑒𝑏 (Clift, et al., 2005).  

The particle systems were chosen on the one hand to mimic fine particle flotation and on the other 

hand to be applicable for 4D PTV (Sommer et al., 2018). The comparability to fine mineral particles 

was achieved if the model particles (made of PS) deviate in the same way from the fluid streamlines as 

the mineral ones because this is the basis for collisions (Schulze, 1989).  This behaviour is classified by 

the Stokes number, 𝑆𝑡, and the particle Reynolds number, 𝑅𝑒𝑝. The Stokes number evaluates how 

quickly a particle follows sudden changes in a flow, e.g. turbulent eddies,  

 

𝑆𝑡 =
2

9

𝜌𝑝|𝑢𝑏|𝑑𝑝
2

𝑑𝑏𝜂
,           (1) 
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Fig. 2: Workflow to extract the average velocity field, �̅�(𝑥𝑙 , 𝑦𝑙 , 𝑧𝑙), and TKE, 𝑘(𝑥𝑙 , 𝑦𝑙 , 𝑧𝑙), from the 

TPIV images and the collision probability, 𝑃𝑐, of the 4D PTV images. 

 

with the density of the particle, 𝜌𝑝, the magnitude of the mean rising velocity of the bubble, |𝑢𝑏|, the 

diameter of the bubble, 𝑑𝑏, and the dynamic viscosity, 𝜂 (Dai et al., 1998). Ralston et al. (2002) 

classified if 𝑆𝑡 ≪ 1, the inertial forces have practically no effect on the motion of the particles. The 

other factor which defines the motion of the particle is its drag coefficient, 𝑐𝐷 , which depends on the 

particle Reynolds number defined as 

 

𝑅𝑒𝑝 = ρf
𝑢𝑠𝑑𝑝

𝜂
,           (2) 

 

with the density of the liquid phase, ρf, and the particle settling velocity, 

𝑢𝑠 =  (
4𝑑𝑝 (𝜌𝑓− 𝜌𝑝)𝑔 

3𝐶𝑑𝜌𝐹
)

0.5

(Nguyen, 2003). In the case of galena with 𝜌𝑝 = 7.85 g/cm3, 𝑆𝑡 is in the order 

of 0.004 to 0.09 and 𝑅𝑒𝑝in the order of 0.0004 to 0.01 for particle sizes between 5 µm and 15 µm. This 

was also achieved with the PS particles as seen in Table 1. Both systems are in the Stokes regime 

(𝑅𝑒𝑝 <  0.2). Additionally, the PS model particles are naturally hydrophobic (Ellison and Zisman, 

1954). 

2.2. Measurement technique 

For this study, TPIV and 4D PTV were used. Although the underlying measurement setup was the 

same, they differed in the applied size and concentration of the particles (fluorescent PS particles, 

microparticle GmbH) as well as in the data analysis. TPIV was used the characterized the liquid flow 

around the bubbles (𝑑𝑝= 33 µm; 𝑐 = 0.06 − 0.1 g/l). In contrast, 4D PTV was applied to observe 

directly the particle trajectory and measure their interaction with the bubble (𝑑𝑝 = 33 µm and 95 µm; 

𝑐 = 0.03 - 0.05 g/l). The larger particle size resulted in larger 𝑆𝑡 (Table 1).  
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Fig. 3: Example leading edge over a time duration of 15 ms. (a) Collision trajectories, given by their 

𝑥𝑙-, 𝑦𝑙- and 𝑧𝑙-position depending on the bubble position. (b) Relative radial velocity, 𝑢𝑟, between 

particles and bubble along the trajectories. (c) 𝑦𝑙-position of the respective trajectories. 

 

The setup of the measurement technique is seen in Fig. 1. In contrast to Sommer et al. (2018), the 

field of view was illuminated by a laser with a volume thickness of 10 mm as well as a LED backlight 

to enhance the detectability of the bubble shape. The three cameras were arranged in different viewing 

angles and captured not only the scattered light of the particles but also the shadow of the bubble. 

Therefore, the cameras run in a double frame mode with a time delay of 2 µs between the laser and 

shadow image. This short time duration ensured that particles and bubbles did scarcely move between 

the two images. In the case of a maximum velocity of particles and bubbles of 0.3 m/s, they moved only 

by 0.6 µm or 0.015 pix (spatial resolution = 0.04 mm/pix). This double frame mode was applied to a 

time-series measurement where 1500 double frames were captured per second. The recording time for 

the TPIV was 0.1 s or 150 double frames and for the 4D PTV 4.15 s or 6224 double frames. 

2.3. Data analysis 

The workflow of the data analysis is illustrated in Fig. 2. For the analysis, the commercial Software 

DaVis 10.1 (LaVision) was used, which allowed the postprocessing of the images and the separated 

analysis of the TPIV and the 4D PTV data. 

In the postprocessing, the laser and shadow images were split into particle and bubble images. At 

first, the shape of the bubble was extracted from the shadow image based on the algorithm of 

Lindken and Merzkirch (2002). Therefore, the image from the camera view perpendicular to the 

measurement field was used. An ellipse was fitted to each bubble contour with the centre point, 𝑥𝑏 and 

𝑦𝑏, the semi-major axis, 𝑎, the semi-minor axis, 𝑐, and the tilt angle about the z-axis, 𝜑. The 

corresponding volume equivalent diameter was calculated as 𝑑𝑏 = √8𝑎2𝑐
3

. Subsequently, the centre 

points from all three cameras were used to triangulate the bubble position using the 3D PTV algorithm 

from Maas et al. (1993). This led to the 3D centre coordinates of the bubble, 𝑋𝑏 = (𝑥𝑏 , 𝑦𝑏 , 𝑧𝑏)𝑇. At 

second, the diffuse fluorescent light that was reflected by the bubble was deleted, based on the detected 

bubble shape from the shadow images.  

The difference between TPIV and 4D PTV occurred only in the last step. The previous 

postprocessing defined the bubble properties and captured only the particle image. In the case of TPIV, 
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Fig. 4: Typical bubble shapes and sizes produced by different diameter of the needle, 𝑑𝑖. 

 

the particle image was used to calculate the instantaneous velocity field around the bubble in 3D - 3C. 

To that end, the 3D distribution of fluorescent light sources was reconstructed in the form of volume 

elements, called voxels. A 3D cross-correlation method calculated the instantaneous velocity field, 

𝑈 =  (𝑢, 𝑣, 𝑤)𝑇, in all three directions, 𝑋 = (𝑥, 𝑦, 𝑧)𝑇. A detailed review of this algorithm is given in 

Scarano (2012). 

The instantaneous velocity field was transformed into a local coordinate system, 

𝑋𝑙  =  (𝑥𝑙 , 𝑦𝑙 , 𝑧𝑙)𝑇, with each bubble centre, 𝑋𝑏 = (𝑥𝑏 , 𝑦𝑏 , 𝑧𝑏)𝑇, as the origin and the tilt angle, 𝜑, for 

rotation about the bubble centre point along the z-axis  

 

𝑋𝑙 = (𝑋 − 𝑋𝑏) ⋅ [
cos (𝜑) sin (𝜑) 0

−sin (𝜑) cos (𝜑) 0
0 0 1

].       (3) 

 

In the resulting coordinate system, 𝑦𝑙 corresponded to the minor axis, 𝑥𝑙 to the major axis of the bubble 

and 𝑧𝑙 to the reconstructed direction. Therefore, 𝑦𝑙 > 0 was classified as leading edge and 𝑦𝑙 ≤ 0 as 

tailing edge of the bubble. 

The measured instantaneous velocity field was decomposed into the average velocity field, 

𝑈 =  (𝑢, 𝑣, 𝑤)𝑇, and their fluctuation, 𝑈′ = (𝑢′, 𝑣′, 𝑤′)𝑇. The average velocity field was calculated by 

averaging over 150 time steps and overall rising bubbles in the measurement volume. The fluctuations, 

𝑈′ = 𝑈 − 𝑈, were used to calculate the turbulent kinetic energy (TKE) as 𝑘 =
1

2
((𝑢′)2 + (𝑣′)2 +

(𝑤′)2).  

The 4D PTV analysis used the algorithms from Schanz et al. (2016), as described in 

Sommer et al. (2018). The algorithm enables the triangulation of the particle trajectory yielding 

position, 𝑋𝑝 = (𝑥𝑝, 𝑦𝑝, 𝑧𝑝)
𝑇

, and velocity, 𝑈𝑝 = (𝑢𝑝, 𝑣𝑝, 𝑤𝑝)
𝑇

. The collision trajectories were identified 

based on an attachment event. If a particle trajectory remained on the tailing edge of the bubble (𝑦𝑙 <  0) 

for an extended time (
𝑑𝑏

𝑢𝑏
> 10𝑚𝑠), the particle was classified as attached (Fig. 3). Further, the position 

before the collision. A direct classification based on the distance between bubble and particle was not 

feasible with this setup because the 3D shape, especially of the wobbling bubbles, could not be 

reconstructed. Therefore, the distance between bubble and particle was estimated based on the known 
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Fig. 5: Mean velocity flow field around a bubble arising from a needle with a different inner 

diameter, 𝑑𝑖, and bubble Reynolds number, 𝑅𝑒𝑏.   

 

bubble properties. The uncertainty of the distance was in the order of 0.1mm to 0.5 mm, depending on 

the shape of the bubble. The temporal and spatial resolution of the setup did not allow the measurement 

of the induction time.  

The resulting number of collisions in the measurement volume, 𝑛𝑐, was used to calculate the 

collision probability as defined by Nguyen et al. (1998) as  

 

𝑃𝑐 = 𝑛𝑐 ⋅
𝑉

𝑐𝑝
=

𝑛𝑐

𝑐𝑝
∙

4

ℎ𝑚∙(𝑑𝑝+𝑑𝑏)
2

∙𝜋
,         (4) 

 

with the particle concentration, 𝑐𝑝, the reference volume, 𝑉, and the height of the measurement volume, 

ℎ𝑚 = 42.2 mm.  

 

3. Results and discussion 

3.1. Flow field with TPIV 

The first part of the study focused on the characterization of the bubble chain regarding the bubble 

shapes (Fig. 4) and the corresponding flow field (Fig. 5). Three types of bubbles were generated. Their 

equivalent diameter, 𝑑𝑏, and shape varied with the inner diameter of the needle, 𝑑𝑖. The bubble diameter 

increased with 𝑑𝑖, as seen in Fig. 4. The smallest needle, 𝑑𝑖 =120 µm, produced spherical to ellipsoidal 

bubbles, the middle one, 𝑑𝑖 =300 µm, generated ellipsoidal bubbles and the largest one, 𝑑𝑖 =600 µm, 

wobbling bubbles. This corresponds to the findings of Clift et al. (2005), who classified the shape of an 

uncontaminated rising bubble based on its 𝑅𝑒𝑏 and 𝐸𝑜 number (Table 1).  

The different bubble shape and diameter caused also a change in the flow field around the bubble 

(Fig. 5). With increasing 𝑅𝑒𝑏 number, the liquid velocity increased and a wake behind the bubble was 

formed. The nearly spherical bubble hardly interacted with the surrounding quiescent liquid  
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Fig. 6: Probability density function (pdf) of a bubble-particle collision on the leading or 

tailing edge, depending on the 𝑥𝑙 −position of the bubble-particle collision point. The pdf is 

normalized by the number of samples and the bandwidth (ℎ = 0.1). 

 

rising velocity of the bubble was 0.22 m/s. Furthermore, no wake was formed. In contrast, Fig. 5 (b) and 

(c) show an increased liquid velocity and a formation of a bubble wake. One reason is, that the onset of 

the bubble oscillation is at approximately 𝑅𝑒𝑏 = 450. At that point, the vortex shedding behind the 

bubble starts, leading in averaged data to the formation of a wake (Clift et al., 2005). This process is 

promoted by an increasingly oblate shape but delayed through the existence of a mobile bubble surface. 

In the case of Fig. 5 (a), 𝑅𝑒𝑏 was 380 and the shape was nearly spherical with a mobile surface. 

Therefore, no wake had been formed, yet. 

3.2. Collision phenomena 

The study of Sommer et al. (2018) has already demonstrated, that particles with a low Stokes 

number potentially collide on the leading edge, 𝑦𝑙 > 0, or on the tailing edge of a bubble, 𝑦𝑙 ≤ 0. In 

Fig. 6, the probability density function (pdf) of each phenomenon is plotted over its collision point along 

the 𝑥𝑙-direction depending on 𝑅𝑒𝑏 of the bubble and 𝑆𝑡 of the particle. The pdf is estimated by a normal 

kernel function ( Hill, 1985) and normalized by the number of samples and the bandwidth (ℎ = 0.1). 

A tailing edge probability was detected only for low 𝑆𝑡 (Fig. 6 (a), (b) and (e)). Here, the maximum 

of the pdf was lower and the curve wider than in the leading edge case. For higher 𝑆𝑡, only a leading 

edge collision took place (Fig. 6 (c) and (d)). One reason could be the higher TKE in the bubble wake. 

These turbulent motions deviate particles with a low 𝑆𝑡 number from the fluid streamline, resulting in a 

collision. This thesis was supported by no tailing edge collisions for increasing 𝑆𝑡 and decreasing 𝑅𝑒𝑏 

because of their low TKE (Fig. 7).  
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Fig. 7: Averaged TKE field, 𝑘, around the bubbles produced by different inner diameter of the 

needle, 𝑑𝑖, and bubble Reynolds number, 𝑅𝑒𝑏. 

 

3.3. Collision probability  

After the definition and explanation of two different collision mechanisms, Fig. 8 illustrates the 

importance of the effect on the overall collision probability and, thus, on the recovery rate. The diagrams 

show the influence of 𝑅𝑒𝑏 (Fig. 8 (a)) and 𝑆𝑡 (Fig. 8 (b)) on the collision probability, i.e. on the leading 

edge, 𝑃𝑐,𝑙𝑒𝑎𝑑, tailing edge, 𝑃𝑐,𝑡𝑎𝑖𝑙, and on the overall collision probability, 𝑃𝑐 = 𝑃𝑐,𝑙𝑒𝑎𝑑 + 𝑃𝑐,𝑡𝑎𝑖𝑙.  

The overall collision and the leading edge probability decreased with increasing 𝑅𝑒𝑏, as seen in 

Fig. 8 (a). This is in line with Sutherland (1948), who stated 𝑃𝑐 =
3𝑑𝑝

𝑑𝑏
  or Gaudin (1957), who stated 

𝑃𝑐 =
3

2
(

𝑑𝑝

𝑑𝑏
)

2

. But, this contradicts the findings on the tailing edge probability. Especially, higher 𝑅𝑒𝑏 

and lower 𝑆𝑡 lead to an increase of 𝑃𝑐,𝑡𝑎𝑖𝑙.  

Consequently, the effect of the tailing edge collision was more relevant for high 𝑅𝑒𝑏, corresponding 

to large bubble diameter. This suggests, that tailing edge collisions were legitimately excluded in recent 

collision models because bubbles larger than 2 mm are considered to be less relevant for the recovery. 

However, the results also show that the effects depends on the TKE in the bubble wake. Additionally, 

in a flotation cell, high TKE is introduced by the rotor-stator unit. This additional TKE might also enable 

tailing edge collisions on smaller bubbles. Furthermore, in a flotation cell surfactants are employed to 

control the characteristic of the interface. The surfactants attach to the bubble surface and change the 

bubble surface mobility from mobile to immobile (Clift, et al., 2005). Consequently, the critical 𝑅𝑒𝑏 

number decreases for the formation of a wake and the onset of the vortex shedding, leading to a higher 

TKE in the bubble wake and a potential increase of 𝑃𝑐,𝑙𝑒𝑎𝑑. 
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Fig. 8: Collision probability depending on the bubble’s Reynolds number, 𝑅𝑒𝑏 (a) and the Stokes 

number, 𝑆𝑡 (b). The data are separated into the leading and tailing edge collision probability, 𝑃𝑐,𝑙𝑒𝑎𝑑 

and 𝑃𝑐,𝑡𝑎𝑖𝑙, and the overall collision probability, 𝑃𝑐,𝑎𝑙𝑙. Furthermore, the data is distinguished by their 

particle diameter, 𝑑𝑝, based on the marker shape. 

 

4. Conclusions 

In summary, this study successfully applied tomographic PIV and 4D PTV to analyse the bubble 

particle collision in a rising bubble chain. The experiments considered the range of bubble Reynolds 

numbers 𝑅𝑒𝑏 (450 - 950) produced by three different needle diameters (120 µm; 300 µm; 600 µm). 

Additionally, two different particle diameter (33 µm; 95 µm) were employed, resulting in a range of 

small 𝑆𝑡 numbers (0.02 - 0.4), guaranteeing the Stokes regime (𝑅𝑒𝑝 < 0.2). The TPIV measurements 

revealed that with increasing 𝑅𝑒𝑏 number, a wake behind the bubble is formed. Furthermore, the bubble 

diameter, the liquid velocity around the bubble and the TKE in the bubble wake increased with 𝑅𝑒𝑏.  

With 4D PTV, two regions of particle collisions were observed, namely on the tailing and on the 

leading edge of the bubble. Analyzing the flow field around the bubble, it turned out, that the tailing 

edge probability increases with the TKE in the bubble wake and with decreasing 𝑆𝑡 number. However, 

the overall collision probability decreases with decreasing 𝑆𝑡 number, as reported in the literature. These 

findings were discussed in the context of a flotation cell where high TKE is present.  

Therefore, the effect of the collision at the tailing edge of a bubble should be considered in the 

further development of collision models. Furthermore, this work showed, that turbulence plays an 

important role in the bubble-particle collision and should not be neglected in the analytical and 

numerical models. 
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